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Multipole analysis for linearized f(R,G) gravity with irreducible Cartesian tensors
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The field equations of f(R,G) gravity are rewritten in the form of obvious wave equations with the
stress-energy pseudotensor of the matter fields and the gravitational field, as their sources, under
the de Donder condition. The linearized field equations of f(R,G) gravity are the same as those
of linearized f(R) gravity, and thus, their multipole expansions under the de Donder condition are
also the same. It is also shown that the Gauss-Bonnet curvature scalar G does not contribute to
the effective stress-energy tensor of gravitational waves in linearized f(R,G) gravity, though G plays
an important role in the nonlinear effects in general. Further, by applying the 1/r expansion in
the distance to the source to the linearized f(R,G) gravity, the energy, momentum, and angular
momentum carried by gravitational waves in linearized f(R,G) gravity are provided, which shows
that G, unlike the nonlinear term R2 in the gravitational Lagrangian, does not contribute to them
either.
PACS numbers: 04.50.Kd, 04.30.-w, 04.25.Nx
I. INTRODUCTION
The detection of gravitational waves (GWs) by the LIGO and Virgo collaborations [1] is a milestone in GWs, and
promotes the study of General Relativity (GR) and astrophysics [2–4]. Their observations of GWs are very consistent
with GR’s prediction, which further confirms that GR is a great and successful theory of gravity. In despite of this, GR
has to face many challenges, e.g., interpreting many data observed at infrared scales [5–8]. Introducing the modified
gravity theories (MGTs) [9] is another approach to deal with these difficulties.
f(R) gravity [10–15] is one of the simplest MGTs, and it replaces the Einstein-Hilbert action by the quantity
f(R) in the gravitational Lagrangian, where f is a general function of the Ricci scalar R. Another typical MGT
is f(R,G) gravity [16–19], which further generalizes GR by adopting a general function of R and the Gauss-Bonnet
(GB) curvature scalar G in the gravitational Lagrangian. In this paper, we only consider polynomial f(R,G) models
of the form
f(R,G) = R+ a2G + a11R2 + a12RG + a22G2 + a111R3 + a112R2G + a122RG2 + a222G3 + · · · , (1.1)
where a2, a11 · · · are the coupling constants. Because the integral of G over a 4-dimensional manifold is a topological
invariant, the term a2G in the above Lagrangian does not contribute to the field equation of f(R,G) gravity. Under
the post-Minkowskian method, the coupling constant a12 will appear in the second-order field equation of f(R,G)
gravity. This implies that G will play an important role in the nonlinear effects, and therefore, it is worthwhile to
investigate the nonlinear effects contributed by G.
The multipole analysis is the most useful way to describe the external field for the sources localized in a finite
region of space [20]. The symmetric and trace-free (STF) formalism in terms of the irreducible Cartesian tensors,
developed by Thorne [21] and Blanchet and Damour [22, 23], is one of the important methods with respect to the
multipole analysis, and the relevant STF technique is summarized in Ref. [20]. The multipole analysis in terms of the
STF formalism can be used to explore the nonlinear effects of a gravitational theory [21]. In this paper, we will apply
the STF formalism to f(R,G) gravity to investigate its related nonlinear effects.
In our preceding papers [24, 25], referred to as I and II hereafter, respectively, the multipole analysis for linearized
f(R) gravity with irreducible Cartesian tensors has been presented, and the relevant results include:
• The field equations of f(R) gravity are rewritten in the form of obvious wave equations with the stress-energy
pseudotensor of the matter fields and the gravitational field, as the sources, under de Donder condition. This
process is similar to that of GR [21, 26];
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2• The field equations and the effective stress-energy tensor of GWs for linearized f(R) gravity are presented, and
the latter is a typical second-order nonlinear quantity;
• The STF formalism is applied to the linearized f(R) gravity, and its explicit expression of multipole expansion
is derived;
• The 1/r expansion in the distance to the source is applied to the linearized f(R) gravity, and its multipole
expansion in the radiation field with irreducible Cartesian tensors is presented;
• As the further second-order nonlinear quantities, the energy, momentum, and angular momentum carried by
GWs in linearized f(R) gravity are provided.
In this paper, we will follow the above process to discuss the multipole analysis for linearized f(R,G) gravity with
irreducible Cartesian tensors.
For f(R,G) gravity, similarly to f(R) gravity [24], one has to introduce the gravitational field amplitude
hµν :=
√−ggµν − ηµν (1.2)
and the effective gravitational field amplitude
h˜µν := fR
√−ggµν − ηµν , (1.3)
where gµν denotes the contravariant metric, ηµν represents an auxiliary Minkowskian metric, g is the determinant
of metric gµν , and fR = ∂Rf . With the help of h
µν and h˜µν , by using the same method in Refs. [24, 27], the field
equations of f(R,G) gravity can be rewritten in the form of obvious wave equations under the de Donder condition,
and the source terms, composed of all the nonlinear terms under the post-Minkowskian method, are the stress-energy
pseudotensor of the matter fields and the gravitational field. If h˜µν is a perturbation, the resulting field equations of
linearized f(R,G) gravity are the same as those of linearized f(R) gravity [24], as expected. Furthermore, under this
condition, the effective stress-energy tensor of GWs in linearized f(R,G) gravity, as a typical second-order nonlinear
quantity, is shown to be the same as that of linearized f(R) gravity, which implies that the GB scalar G does
not contribute to the effective stress-energy tensor of GWs in linearized f(R,G) gravity, though G usually plays an
important role in the nonlinear effects as mentioned before.
As the further second-order nonlinear quantities, the energy, momentum, and angular momentum carried by GWs
in linearized f(R,G) gravity need to be discussed. Similarly to GR [21] and f(R) gravity [25], the energy and the
momentum can be derived directly by use of the effective stress-energy tensor of GWs, but the angular momentum
cannot. So, a new way, not depending on the effective stress-energy tensor of GWs, need to be found to deal with the
angular momentum. In this paper, by following Refs. [21, 25, 28], the energy, momentum, and angular momentum
carried by GWs in linearized f(R,G) gravity will be dealt with in a unified way.
This unified way requires that the multipole expansion of the linearized f(R,G) gravity is discussed firstly. By
definitions (1.2) and (1.3), the true gravitational field amplitude hµν in f(R,G) gravity can be read out from h˜µν .
For the linearized f(R,G) gravity, the relation between hµν and h˜µν becomes linear and simple, namely,
hµν = h˜µν − 2a11R(1)ηµν , (1.4)
where R(1) is the linear part of Ricci scalar R. This relation is the same as that in f(R) gravity. As mentioned
above, the linearized f(R,G) gravity and the linearized f(R) gravity have the same field equations, so the multipole
expansions of h˜µν under the de Donder condition in these two gravitational models are also the same. Moreover,
for these two models, R(1) satisfies the same Klein-Gordon (KG) equation with an external source and has the
same multipole expansion. Therefore, Eq. (1.4) implies that these two gravitational models have the same multipole
expansion, and in particular, they have the same multipole expansion in the radiation field.
With the help of the relevant STF technique, the 1/r expansion in the distance to the source can be applied to
the linearized f(R,G) gravity. Based on this, the energy, momentum, and angular momentum carried by GWs in
linearized f(R,G) gravity can be dealt with in the above unified way. Thus, we present the explicit expressions of the
total power and rates of momentum and angular momentum carried by GWs in linearized f(R,G) gravity, and prove
that the terms associated with GB curvature scalar G in the above three quantities are exactly cancelled each other
after the average over a small spatial volume. In one sentence, the GB curvature scalar G does not contribute to the
total power and rates of momentum and angular moment carried by GWs in linearized f(R,G) gravity.
This paper is organized as follows. In Sec. II, the notation, the relevant formulas of STF formalism, and the review
of the metric f(R,G) gravity are described. In Sec. III, by using the same method in Refs. [24, 27], we show that
the field equations of f(R,G) gravity can be rewritten in the form of obvious wave equations with the stress-energy
3pseudotensor of the matter fields and the gravitational field, as the sources, under de Donder condition. Upon this,
we derive the field equations and the effective stress-energy tensor of GWs for linearized f(R,G) gravity. In Sec. IV,
we show that the linearized f(R,G) gravity and the linearized f(R) gravity have the same multipole expansion. Then,
we present its expression, and derive the corresponding expression in the radiation field. Further, by using the 1/r
expansion in the distance to the source. we evaluate the energy, momentum, and angular momentum carried by GWs
in linearized f(R,G) gravity systematically. In Sec. V, we present the conclusions and make some discussions.
II. PRELIMINARY
A. Notation
The notation in this paper is the same as that in I and II [24, 25]. The international system of units is used
throughout the paper. The signature of the metric gµν is (−,+,+,+). ǫijk is the three-dimensional Levi-Civita`
symbol with ǫ123 = 1. The greek indices run from 0 to 3 and the latin indices run from 1 to 3, where repeated
indices indicate to be summed. In the linearized gravitational theory, (xµ) = (ct, xi) behave as though they were
Minkowskian coordinates. The spherical coordinate system (ct, r, θ, ϕ) is defined by
x1 = r sin θ cosϕ, x2 = r sin θ sinϕ, x3 = r cos θ. (2.1)
As in the flat space, x is used to denote the radial vector, and xi in Eq. (2.1) are its components. n = x/r = (ni)
denotes the unit radial vector, where r is the length of x, and ni = xi/r are the components of n. Obviously, by
Eq. (2.1),
∂r =
∂
∂r
= n1
∂
∂x1
+ n2
∂
∂x2
+ n3
∂
∂x3
= ni∂i. (2.2)
The symbol
BIl ≡ Bi1i2···il (2.3)
is used to denote the Cartesian tensor with l indices [21], and especially, the tensor products of l radial and unit radial
vectors are abbreviated by
XIl = Xi1i2···il := xi1xi2 · · ·xil , (2.4)
NIl = Ni1i2···il := ni1ni2 · · ·nil (2.5)
with
XIl = r
lNIl . (2.6)
B. Relevant formulas in STF formalism
In this subsection, the relevant formulas in the STF formalism are listed [20–22, 24, 25]. The symmetric part and
the STF part of a Cartesian tensor BIl are expressed by
B(Il) = B(i1i2···il) :=
1
l!
∑
σ
Biσ(1)iσ(2) ···iσ(l) , (2.7)
BˆIl ≡ B<Il> ≡ B<i1i2···il> :=
[ l2 ]∑
k=0
bkδ(i1i2 · · · δi2k−1i2kSi2k+1···il)a1a1···akak , (2.8)
respectively, where σ runs over all permutations of (12 · · · l),
SIl =B(Il), (2.9)
bk =(−1)k (2l− 2k − 1)!!
(2l − 1)!!
l!
(2k)!!(l − 2k)! . (2.10)
4Moreover, there are
NˆIl =
[ l2 ]∑
k=0
bkδ(i1i2 · · · δi2k−1i2kNi2k+1···il), (2.11)
∂ˆIl =
[ l2 ]∑
k=0
bkδ(i1i2 · · · δi2k−1i2k∂i2k+1···il), (2.12)
∂inj =
1
r
(δij − ninj), (2.13)
∂i
(
F
(
t− ǫr
c
))
= − ǫni
c
∂tF
(
t− ǫr
c
)
, (ǫ2 = 1), (2.14)
∂ˆIl
(
F (t− ǫr/c)
r
)
= (−ǫ)lNˆIl
l∑
k=0
(l + k)!
(2ǫ)kk!(l − k)!
∂l−kt F (t− ǫr/c)
cl−krk+1
, (ǫ2 = 1), (2.15)
where ∂Il ≡ ∂i1i2···il := ∂i1∂i2 · · · ∂il and ∂l−kt is the (l − k)th derivative with respect to t.
The integral formulas over a unit sphere are∫
NI2l+1dΩ = 0, (2.16)∫
NI2ldΩ =
4π
2l+ 1
δ(i1i2 · · · δi2l−1i2l), (2.17)
where l is the non-negative integer and dΩ is the element of the solid angle about the radial vector.
C. Review of the metric f(R,G) gravity
We restrict our attention to the metric f(R,G) gravity [18], and its action is
S =
1
2κc
∫
dx4
√−gf(R,G) + SM (gµν , ψ), (2.18)
where f is an arbitrary function of the Ricci scalar R and the GB curvature scalar G, κ = 8πG/c4, and SM (gµν , ψ) is
the matter action. Varying this action with respect to the metric gµν gives the gravitational field equations and the
corresponding trace equation
Hµν = κTµν , H = κT, (2.19)
where
Hµν =− gµν
2
f +RµνfR + gµνfR −∇µ∇νfR + gµν
2
fGG + 2RgµνfG − 2R∇µ∇νfG
+ 4R λν ∇λ∇µfG + 4R λµ ∇λ∇νfG − 4gµνRαβ∇α∇βfG − 4RµνfG + 4Rµρνσ∇ρ∇σfG , (2.20)
H =− 2f +RfR + 3fR + 2fGG + 2RfG − 4Rαβ∇α∇βfG (2.21)
with fG = ∂Gf , and Tµν is the stress-energy tensor of matter fields. In the present paper, only the polynomial f(R,G)
models, namely Eq. (1.1), is considered.
III. THE FIELD EQUATIONS AND STRESS-ENERGY PSEUDOTENSOR OF f(R,G) GRAVITY
UNDER DE DONDER CONDITION
A. Obvious wave equation in f(R,G) gravity
By following GR [26, 27] and f(R) gravity [24], we begin to rewrite the field equations of f(R,G) gravity in the
form of obvious wave equations in a fictitious flat spacetime under the de Donder condition. Firstly, by Eq. (1.2), the
gravitational field amplitude hµν is defined as
hµν := gµν − ηµν , (3.1)
5where
gµν :=
√−ggµν (3.2)
is the densitized inverse metric. It should be noted that hµν in Eq. (3.1) is not necessarily a perturbation. According
to Ref. [27],
Γλµν : = gµαgνβΓλαβ =
1
2g
(gµρ∂ρg
νλ + gνρ∂ρg
µλ − gλρ∂ρgµν) + 1
2
(yµgνλ + yνgµλ − yλgµν), (3.3)
yµ : = gµρ∂ρ ln
√−g. (3.4)
In terms of hµν , the Christoffel symbols read
Γµσν =−
1
2
√−g (gνα∂σh
αµ + gσα∂νh
αµ − gσαgνβgµρ∂ρhαβ) + 1
4
√−g (δ
µ
ν gǫπ∂σh
ǫπ + δµσgǫπ∂νh
ǫπ − gσνgǫπgµρ∂ρhǫπ),
(3.5)
and then, the Riemann tensor, Ricci tensor, and Ricci scalar read, respectively,
Rµνρσ = − 1
2
√−g
(
gρǫgνπ∂ǫ∂πh
µσ − gσǫgνπ∂ǫ∂πhµρ + gσǫgµπ∂ǫ∂πhνρ − gρǫgµπ∂ǫ∂πhνσ + 1
2
(
gµρgσǫgνπ − gµσgρǫgνπ
+ gνσgρǫgµπ − gνρgσǫgµπ)gαβ∂ǫ∂πhαβ
)
− 1
2g
(
1
2
(
gρδ∂δh
µλ∂λh
νσ − gσδ∂δhµλ∂λhνρ + gσδ∂δhνλ∂λhµρ
− gρδ∂δhνλ∂λhµσ + gµδ∂δhρλ∂λhνσ − gµδ∂δhσλ∂λhνρ + gνδ∂δhσλ∂λhµρ − gνδ∂δhρλ∂λhµσ + gλτ∂λhµσ∂τhνρ
− gλτ∂λhµρ∂τhνσ
)
+
1
2
gαβ
(
gρǫgσπ∂ǫh
νβ∂πh
µα − gσǫgρπ∂ǫhνβ∂πhµα + gµǫgνπ∂ǫhσβ∂πhρα − gµǫgνπ∂ǫhρβ∂πhσα
+ gρǫgνπ∂ǫh
µα∂πh
σβ − gσǫgνπ∂ǫhµα∂πhρβ + gσǫgµπ∂ǫhνα∂πhρβ − gρǫgµπ∂ǫhνα∂πhσβ + 2gρǫgνπ∂ǫhσβ∂πhµα
− 2gσǫgνπ∂ǫhρβ∂πhµα + 2gσǫgµπ∂ǫhρβ∂πhνα − 2gρǫgµπ∂ǫhσβ∂πhνα
)
+
1
4
(
gσδgρν∂δh
µλ − gρδgσν∂δhµλ
+ gρδgσµ∂δh
νλ − gσδgρµ∂δhνλ + gµδgρν∂δhσλ − gµδgσν∂δhρλ + gνδgσµ∂δhρλ − gνδgρµ∂δhσλ
)
gαβ∂λh
αβ
+
1
4
(
gσν∂λh
ρµ − gρν∂λhσµ + gρµ∂λhσν − gσµ∂λhρν
)
gλτgαβ∂τh
αβ +
1
8
gαβgλτ
(
gρǫgµπgσν − gσǫgµπgρν
+ gσǫgνπgρµ − gρǫgνπgσµ)(4∂ǫhβτ∂πhαλ + ∂ǫhλτ∂πhαβ)+ 1
8
(
gµσgρν − gµρgσν)gλτgαβgǫπ∂λhαβ∂τhǫπ
)
, (3.6)
Rµν =
1
2
√−g g
αβ∂α∂βh
µν − 1
2g
gµαgβτ∂λh
ντ∂αh
βλ +
1
4g
gµαgνβgλτgǫπ∂αh
λπ∂βh
τǫ +
1
2g
gαβg
λτ∂λh
µα∂τh
νβ
+
1
2g
∂αh
µβ∂βh
να − 1
2g
gναgβτ∂λh
µτ∂αh
βλ − 1
8g
gµαgνβgτǫgλπ∂αh
λπ∂βh
τǫ − 1
4g
gµνgρτgǫσg
αβ∂αh
ρσ∂βh
τǫ
− 1
4
√−g g
µνgαβgρσ∂α∂βh
ρσ − 1
2
√−g g
µα∂α∂λh
νλ − 1
2
√−g g
να∂α∂λh
µλ +
1
4g
gµνgρσ∂αh
ρσ∂λh
αλ
− 1
2g
∂αh
µν∂λh
αλ, (3.7)
R = − 1
4g
gαβgρτgǫσ∂αh
ρσ∂βh
τǫ − 1
2
√−g gρσg
αβ∂α∂βh
ρσ − 1√−g∂α∂βh
αβ +
1
2g
gρσ∂αh
ρσ∂λh
αλ
− 1
2g
gµν∂λh
µτ∂τh
νλ − 1
8g
gµνgτǫgλπ∂µh
λπ∂νh
τǫ. (3.8)
In order to apply the de Donder condition, we need to define the effective gravitational field amplitude h˜µν by
Eq. (1.3), namely,
h˜µν := g˜µν − ηµν , (3.9)
g˜µν := fR
√−ggµν . (3.10)
Obviously, besides the information of metric, it also contains the information of the function fR, which is, from (1.1),
fR = 1 + 2a11R+ a12G + 3a111R2 + 2a112RG + a122G2 + · · · . (3.11)
6For GR, the de Donder condition is the condition for the harmonic coordinates [26, 27]:
xµ = 0⇔ ∂µgµν = ∂µhµν = 0. (3.12)
For f(R) gravity [24], the de Donder condition in GR has been generalized to
∂µg˜
µν = ∂µh˜
µν = 0⇔ xµ = −gµν∂ν ln fR, (3.13)
where the definitions of h˜µν and g˜µν are the same as Eqs. (3.9) and (3.10), respectively. In this paper, we also adopt
the de Donder condition (3.13) for f(R,G) gravity.
Now, we will express the Riemann tensor, the Ricci tensor, and the Ricci scalar in terms of h˜µν with the help of
the de Donder condition (3.13). By Eqs. (3.1), (3.2), (3.9), and (3.10), there is
hµν =
1
fR
h˜µν +
(
1
fR
− 1
)
ηµν . (3.14)
It immediately results in
∂λh
µν =
1
fR
∂λh˜
µν − gµν∂λ ln fR. (3.15)
With the help of the de Donder condition (3.13), the substitution of (3.14) and (3.15) in Eqs. (3.6), (3.7) and (3.8)
gives rise to the expressions of Rµνρσ , Rµν and R in terms of h˜µν :
Rµνρσ = − 1
2fR
√−g
(
gρǫgνπ∂ǫ∂πh˜
µσ − gσǫgνπ∂ǫ∂πh˜µρ + gσǫgµπ∂ǫ∂πh˜νρ − gρǫgµπ∂ǫ∂πh˜νσ + 1
2
(
gµρgσǫgνπ − gµσgρǫgνπ
+ gνσgρǫgµπ − gνρgσǫgµπ)gαβ∂ǫ∂π h˜αβ
)
− 1
2gf2R
(
1
2
(
gρδ∂δh˜
µλ∂λh˜
νσ − gσδ∂δh˜µλ∂λh˜νρ + gσδ∂δh˜νλ∂λh˜µρ
− gρδ∂δh˜νλ∂λh˜µσ + gµδ∂δh˜ρλ∂λh˜νσ − gµδ∂δh˜σλ∂λh˜νρ + gνδ∂δh˜σλ∂λh˜µρ − gνδ∂δh˜ρλ∂λh˜µσ + gλτ∂λh˜µσ∂τ h˜νρ
− gλτ∂λh˜µρ∂τ h˜νσ
)
+
1
2
gαβ
(
gρǫgσπ∂ǫh˜
νβ∂πh˜
µα − gσǫgρπ∂ǫh˜νβ∂πh˜µα + gµǫgνπ∂ǫh˜σβ∂πh˜ρα − gµǫgνπ∂ǫh˜ρβ∂πh˜σα
+ gρǫgνπ∂ǫh˜
µα∂πh˜
σβ − gσǫgνπ∂ǫh˜µα∂πh˜ρβ + gσǫgµπ∂ǫh˜να∂πh˜ρβ − gρǫgµπ∂ǫh˜να∂π h˜σβ + 2gρǫgνπ∂ǫh˜σβ∂π h˜µα
− 2gσǫgνπ∂ǫh˜ρβ∂πh˜µα + 2gσǫgµπ∂ǫh˜ρβ∂πh˜να − 2gρǫgµπ∂ǫh˜σβ∂πh˜να
)
+
1
4
(
gσδgρν∂δh˜
µλ − gρδgσν∂δh˜µλ
+ gρδgσµ∂δh˜
νλ − gσδgρµ∂δh˜νλ + gµδgρν∂δh˜σλ − gµδgσν∂δh˜ρλ + gνδgσµ∂δh˜ρλ − gνδgρµ∂δh˜σλ
)
gαβ∂λh˜
αβ
+
1
4
(
gσν∂λh˜
ρµ − gρν∂λh˜σµ + gρµ∂λh˜σν − gσµ∂λh˜ρν
)
gλτgαβ∂τ h˜
αβ +
1
8
gαβgλτ
(
gρǫgµπgσν − gσǫgµπgρν
+ gσǫgνπgρµ − gρǫgνπgσµ)(4∂ǫh˜βτ∂πh˜αλ + ∂ǫh˜λτ∂πh˜αβ)+ 1
8
(
gµσgρν − gµρgσν)gλτgαβgǫπ∂λh˜αβ∂τ h˜ǫπ
)
+
1
4
(
gµσgνρ − gµρgνσ)gλτ∂λ ln fR∂τ ln fR + 1
4
(
gρǫgµπgσν − gσǫgµπgρν + gσǫgνπgρµ − gρǫgνπgσµ)(2∂ǫ∂π ln fR
+ ∂ǫ ln fR∂π ln fR
)− 1
4fR
√−g
((
gσδgρν∂δh˜
µλ − gρδgσν∂δh˜µλ + gρδgσµ∂δh˜νλ − gσδgρµ∂δh˜νλ + gµδgρν∂δh˜σλ
− gµδgσν∂δh˜ρλ + gνδgσµ∂δh˜ρλ − gνδgρµ∂δh˜σλ
)
∂λ ln fR +
(
gσν∂λh˜
ρµ − gρν∂λh˜σµ + gρµ∂λh˜σν − gσµ∂λh˜ρν
)×
gλτ∂τ ln fR +
1
2
gαβ
(
gρǫgµπgσν − gσǫgµπgρν + gσǫgνπgρµ − gρǫgνπgσµ)(∂πh˜αβ∂ǫ ln fR + ∂ǫh˜αβ∂π ln fR)
+
(
gµσgρν − gµρgσν)gλτgǫπ∂τ h˜ǫπ∂λ ln fR
)
, (3.16)
Rµν = − 1
2fR
√−g g
αβ∂αh˜
µν∂β ln fR +
1
2fR
√−g g
αβ∂α∂β h˜
µν − 1
2
gµνgαβ∂α ln fR∂β ln fR +
1
2
gµαgνβ∂α ln fR∂β ln fR
+
1
2
gµνgαβ∂α∂β ln fR + g
µαgνβ∂α∂β ln fR − 1
gf2R
gβτg
α(µ∂λh˜
ν)τ∂αh˜
βλ +
1
4gf2R
gλτgǫπg
µαgνβ∂αh˜
λπ∂β h˜
τǫ
− 1
2fR
√−g gρσg
µ(αgβ)ν∂αh˜
ρσ∂β ln fR +
1
2gf2R
gαβg
λτ∂λh˜
µα∂τ h˜
νβ +
1
2gf2R
∂αh˜
µβ∂β h˜
να
+
1
fR
√−g g
α(µ∂αh˜
ν)β∂β ln fR − 1
8gf2R
gτǫgλπg
µαgνβ∂αh˜
λπ∂β h˜
τǫ − 1
4gf2R
gρτgǫσg
µνgαβ∂αh˜
ρσ∂β h˜
τǫ
7− 1
4fR
√−g g
µνgαβgρσ∂α∂β h˜
ρσ +
1
4fR
√−g g
µνgαβgρσ∂αh˜
ρσ∂β ln fR, (3.17)
R = − 1
4gf2R
gρτgǫσg
αβ∂αh˜
ρσ∂β h˜
τǫ − 3
2
gαβ∂α ln fR∂β ln fR − 1
2fR
√−g gρσg
αβ∂α∂β h˜
ρσ + 3gαβ∂α∂β ln fR
− 1
2gf2R
gαβ∂λh˜
ατ∂τ h˜
βλ − 1
8gf2R
gαβgτǫgλπ∂αh˜
λπ∂β h˜
τǫ. (3.18)
Further, the GB curvature scalar is
G = 1
2gf2R
(
2gλαgτβ − gλτgαβ
)(
gρνgǫπ − gρǫgνπ)∂ρ∂ν h˜λτ∂ǫ∂πh˜αβ + 2
gf2R
gστg
ρǫ∂ρ∂ν h˜
πτ∂ǫ∂πh˜
νσ − 1
gf2R
∂ρ∂ν h˜
ǫπ∂ǫ∂πh˜
ρν
+
1
gf2R
gλτg
ρν∂ρ∂ν h˜
ǫπ∂ǫ∂πh˜
λτ − 2
fR
√−g g
ρν∂ρ∂ν h˜
ǫπ∂ǫ∂π ln fR + 2
(
gρνgǫπ − gρǫgνπ)∂ρ∂ν ln fR∂ǫ∂π ln fR
+ · · · , (3.19)
where the omitted terms will produce the third-order or higher-order terms under the post-Minkowskian method.
We begin to consider the field equations (2.19) for f(R,G) gravity. Hµν in Eq. (2.20) can be split into three parts,
Hµν := Hµν1 +H
µν
2 +H
µν
3 , (3.20)
where
Hµν1 : = −
1
2
gµνf +RµνfR +
gµν
2
fGG, (3.21)
Hµν2 : = (g
µν
−∇µ∇ν)fR, (3.22)
Hµν3 : = 2g
µνRfG − 2R∇µ∇νfG + 4Rνλ∇λ∇µfG + 4Rµλ∇λ∇νfG − 4gµνRαβ∇α∇βfG − 4RµνfG
+ 4Rµρνσ∇ρ∇σfG . (3.23)
From Lagrangian (1.1), the expression of fG is
fG = a2 + a12R+ 2a22G + a112R2 + 2a122RG + 3a222G2 + · · · , (3.24)
and then, by the expressions of fR, (3.11), Eq. (3.21) reads
Hµν1 =G
µν + 2a11R
µνR− a11
2
gµνR2 + · · · , (3.25)
where Gµν is the Einstein tensor, and the omitted terms will produce the third-order or higher-order terms under the
post-Minkowskian method. By Eqs. (3.17) and (3.18), the expression of Gµν in terms of h˜µν can be obtained [24],
Gµν = − 1
2fR
√−g g
αβ∂αh˜
µν∂β ln fR +
1
2fR
√−g g
αβ∂α∂β h˜
µν +
1
4
gµνgαβ∂α ln fR∂β ln fR +
1
2
gµαgνβ∂α ln fR∂β ln fR
− gµνgαβ∂α∂β ln fR + gµαgνβ∂α∂β ln fR − 1
gf2R
gβτg
α(µ∂λh˜
ν)τ∂αh˜
βλ − 1
2fR
√−g gρσg
µ(αgβ)ν∂αh˜
ρσ∂β ln fR
+
1
2gf2R
gαβg
λτ∂λh˜
µα∂τ h˜
νβ +
1
2gf2R
∂αh˜
µβ∂β h˜
να +
1
fR
√−g g
α(µ∂αh˜
ν)β∂β ln fR +
1
4gf2R
gµνgαβ∂λh˜
ατ∂τ h˜
βλ
+
1
4fR
√−g g
µνgαβgρσ∂αh˜
ρσ∂β ln fR +
1
16gf2R
(2gµαgνβ − gµνgαβ)(2gλτgǫπ − gǫτgλπ)∂αh˜λπ∂β h˜τǫ. (3.26)
For scalar fR,
∇µ∇νfR = gµαgνβ∂α∂βfR − Γλµν∂λfR,
fR = g
αβ∂α∂βfR − Γλ∂λfR,
where the expression of Γλµν is in Eq. (3.3), and Γλ := gµνΓλµν . By use of (3.1), (3.2), (3.4), (3.13), (3.14), and (3.15),
Eq. (3.3) can be expressed as
Γλµν =− 1
fR
√−g g
ρ(µ∂ρh˜
ν)λ +
1
2fR
√−g g
λρ∂ρh˜
µν +
1
2fR
√−g gαβg
ρ(µgν)λ∂ρh˜
αβ − 1
4fR
√−g gαβg
µνgλρ∂ρh˜
αβ
− gρ(µgν)λ∂ρ ln fR + 1
2
gµνgλρ∂ρ ln fR. (3.27)
8Therefore,
Hµν2 =fRg
µνgαβ∂α∂β ln fR − fRgµαgνβ∂α∂β ln fR − fRgµαgνβ∂α ln fR∂β ln fR − 1√−g g
ρ(µ∂ρh˜
ν)λ∂λ ln fR
+
1
2
√−g g
λρ∂ρh˜
µν∂λ ln fR +
1
2
√−g gαβg
ρ(µgν)λ∂ρh˜
αβ∂λ ln fR − 1
4
√−g gαβg
µνgλρ∂ρh˜
αβ∂λ ln fR
− fRgρ(µgν)λ∂ρ ln fR∂λ ln fR + 1
2
fRg
µνgλρ∂ρ ln fR∂λ ln fR. (3.28)
For scalar fG , similarly to fR, there are
∇µ∇νfG = gµαgνβ∂α∂βfG − Γλµν∂λfG , (3.29)
∇µ∇νfG = ∂µ∂νfG − Γλµν∂λfG , (3.30)
fG = g
αβ∂α∂βfG − Γλ∂λfG . (3.31)
By Eqs. (3.16)—(3.19), (3.27) and the expressions of fR and fG , namely Eqs. (3.11) and (3.24), Eq. (3.23) reads
Hµν3 =2Rg
µνgαβ∂α∂βfG − 2Rgµαgνβ∂α∂βfG + 4Rναgµβ∂α∂βfG + 4Rµαgνβ∂α∂βfG − 4gµνRαβ∂α∂βfG
− 4Rµνgαβ∂α∂βfG + 4Rµρνσ∂ρ∂σfG + · · · , (3.32)
where similarly to Eq. (3.25), the omitted terms will also produce the third-order or higher-order terms under the
post-Minkowskian method.
The combination of Eqs. (3.20), (3.24)—(3.26), (3.28), and (3.32) brings about the expression of Hµν :
Hµν = − 1
2gf2R
(ηh˜
µν − Λµν) (3.33)
with η := η
µν∂µ∂ν and
Λµν =ΛµνGR(h˜
αβ)− 1
2
(1 + 2fR)g˜
µν g˜αβ∂α ln fR∂β ln fR − (1− 4fR)g˜µαg˜νβ∂α ln fR∂β ln fR − 2(fR − 1)g˜µν g˜αβ∂α∂β ln fR
+ 2(fR − 1)g˜µαg˜νβ∂α∂β ln fR − 2(1− fR)g˜α(µ∂αh˜ν)β∂β ln fR − 1
2
(1 − fR)g˜ρσ g˜µν g˜αβ∂αh˜ρσ∂β ln fR
− (fR − 1)g˜αβ∂αh˜µν∂β ln fR − (fR − 1)g˜ρσg˜µ(αg˜β)ν∂αh˜ρσ∂β ln fR + a11
√−gfRg˜µνR2 + 4a11gf2RRµνR
− 4a12
(
g˜µν g˜αβ − g˜µαg˜νβ)R∂α∂βR− 16a12√−gfRg˜β(µRν)α∂α∂βR+ 8a12√−gfRg˜µνRαβ∂α∂βR
+ 8a12
√−gfRg˜αβRµν∂α∂βR+ 8a12gf2RRµρνσ∂ρ∂σR+ · · · , (3.34)
where
ΛµνGR(h˜
αβ) =− h˜αβ∂α∂βh˜µν + ∂αh˜µβ∂β h˜να + 1
2
g˜µν g˜αβ∂λh˜
ατ∂τ h˜
βλ − g˜µαg˜βτ∂λh˜ντ∂αh˜βλ − g˜ναg˜βτ∂λh˜µτ∂αh˜βλ
+ g˜αβ g˜
λτ∂λh˜
µα∂τ h˜
νβ +
1
8
(2g˜µαg˜νβ − g˜µν g˜αβ)(2g˜λτ g˜ǫπ − g˜τǫg˜λπ)∂αh˜λπ∂βh˜τǫ, (3.35)
and
g˜µν :=
1√−gfR gµν (3.36)
satisfies
g˜µλg˜
λν = δνµ. (3.37)
In Eqs. (3.34) and (3.35), the quantity ΛµνGR(h
αβ) is the corresponding term in GR with the replacement of the
variables hαβ by h˜αβ . It is easy to check that Λµν is made of, at least, quadratic terms of the effective gravitational
field amplitude h˜µν and its first and second derivatives. Moreover, Λµν can reduce to the expression of ΛµνGR(h
αβ)
when f(R,G) gravity reduces to GR by Eqs. (3.11) and (3.14). Eqs. (3.33) and (3.34) show that the coupling constant
a12 appears in the expression of H
µν , which, from the Lagrangian (1.1), implies that the GB curvature scalar G should
9have nontrivial effect in the theory. According to the Eq. (3.33), the field equations of f(R,G) gravity are transformed
into the form of an obvious wave equation
ηh˜
µν = 2κτµν (3.38)
under the de Donder condition, where the source terms
τµν = |g|f2RT µν +
1
2κ
Λµν (3.39)
is the stress-energy pseudotensor of the matter fields and the gravitational field. Obviously, Eqs. (3.13) and (3.38)
imply the conservation of the stress-energy pseudotensor in f(R,G) gravity, namely,
∂µτ
µν = 0. (3.40)
B. Linearized f(R,G) gravity
If h˜µν is a perturbation, namely,
|h˜µν | ≪ 1, (3.41)
the linearized gravitational field equations are
ηh˜
µν = 2κT µν (3.42)
by (3.38) and (3.39). Eq. (3.42) is the basis of multipole expansion of linearized f(R,G) gravity with irreducible
Cartesian tensors. It is easy to check that the field equations (3.42) of linearized f(R,G) gravity are the same as those
in linearized f(R) gravity [24]. This is a trivial result because the leading term of G in the Lagrangian (1.1) gives a
topological invariant, and its next leading term only relates to the higher-order effects.
Above field equations (3.42) are the linear results, but the effective stress-energy tensor of GWs for the linearized
f(R,G) gravity is the second-order nonlinear quantity, so in order to obtain its expression, we need some formulas
to derive the quadratic terms of the stress-energy pseudotensor of the gravitational field. Firstly, by Eqs. (3.9) and
(3.37), we have
g˜µν = ηµν − h˜µν . (3.43)
Next, by Eq. (3.11),
fR = 1 + 2a11R
(1) + o(h˜µν), (3.44)
where o(h˜µν) is the higher-order terms of h˜µν , and then inserting fR into Eq. (3.14) gives rise to
hµν = h˜µν − 2a11R(1)ηµν , (3.45)
h = h˜− 8a11R(1), (3.46)
where h = ηµνh
µν and h˜ = ηµν h˜
µν . Eqs. (3.45) and (3.46) show that hµν and h are also perturbations, and thus, with
the help of Eqs. (3.1) and (3.2),
g = |gµν | = |gµν | = −1− h+ o(hµν) = −1− h˜+ 8a11R(1) + o(h˜µν), (3.47)
so by Eq. (3.44), there are
√−gfR = 1 + h˜
2
− 2a11R(1) + o(h˜µν), (3.48)
−gf2R = 1 + h˜− 4a11R(1) + o(h˜µν). (3.49)
The substitution of Eqs. (3.9), (3.16)—(3.18), (3.43), (3.44), (3.48), and (3.49) in Eq. (3.34) gives rise to the quadratic
term of Λµν :
Λµν(2) =Λ
µν(2)
f(R) − 4a12ηµνR(1)ηR(1) + 4a12R(1)∂µ∂νR(1) − 8a12Rαν(1)∂µ∂αR(1) − 8a12Rαµ(1)∂ν∂αR(1)
+ 8a12η
µνRαβ(1)∂α∂βR
(1) + 8a12R
µν(1)
ηR
(1) − 8a12Rµρνσ(1)∂ρ∂σR(1), (3.50)
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where ∂µ = ηµλ∂λ. In Eq. (3.50),
Λ
µν(2)
f(R) =Λ
µν(2)
GR (h˜
αβ) + a11η
µνR(1)
2 − 4a11Rµν(1)R(1) − 6a211ηµν∂αR(1)∂αR(1) + 12a211∂µR(1)∂νR(1)
− 8a211ηµνR(1)ηR(1) + 8a211R(1)∂µ∂νR(1) (3.51)
is the corresponding term in f(R) gravity, and
Λ
µν(2)
GR (h˜
αβ) = −h˜αβ∂α∂β h˜µν + 1
2
∂µh˜αβ∂
ν h˜αβ − 1
4
∂µh˜∂ν h˜+ ∂β h˜
µα(∂β h˜να + ∂αh˜
νβ)− ∂µh˜αβ∂αh˜νβ
− ∂ν h˜αβ∂αh˜µβ + ηµν
(
− 1
4
∂λh˜αβ∂
λh˜αβ +
1
8
∂λh˜∂
λh˜+
1
2
∂αh˜βλ∂
β h˜αλ
)
(3.52)
is the quadratic term of ΛµνGR(h˜
αβ).
We need to simplify Λµν(2). By use of Eqs. (3.9), (3.10), (3.13), (3.36), (3.43), (3.44), (3.48), and (3.49), Eqs. (3.16),
(3.17), and (3.18) reduce to
Rµνρσ(1) =
1
2
(
∂σ∂ν h˜µρ − ∂ρ∂ν h˜µσ + ∂ρ∂µh˜νσ − ∂σ∂µh˜νρ)− 1
4
(
ηµρ∂σ∂ν h˜− ηµσ∂ρ∂ν h˜+ ηνσ∂ρ∂µh˜− ηνρ∂σ∂µh˜)
+ a11
(
ηµρ∂σ∂νR(1) − ηµσ∂ρ∂νR(1) + ηνσ∂ρ∂µR(1) − ηνρ∂σ∂µR(1)), (3.53)
Rµν(1) =
1
2
ηh˜
µν − 1
4
ηµνηh˜+ a11η
µν
ηR
(1) + 2a11∂
µ∂νR(1), (3.54)
R(1) = −1
2
ηh˜+ 6a11ηR
(1) (3.55)
under the de Donder condition, and they satisfy
∂ρ∂σR
µρνσ(1) = ηR
µν(1) − 1
2
∂µ∂νR(1),
∂µR
µν(1) =
1
2
∂νR(1),
which can also be derived by the Bianchi identity, in fact. Furthermore, Eqs. (2.19) and (3.33) lead to
Hµν(1) =
1
2
ηh˜
µν = κT µν(1), (3.56)
H(1) =
1
2
ηh˜ = κT
(1), (3.57)
so outside the sources, there are
R(1) = 6a11ηR
(1), (3.58)
Rµν(1) =
1
6
ηµνR(1) + 2a11∂
µ∂νR(1) (3.59)
by Eqs. (3.55) and (3.54), respectively. Moreover, Eqs. (3.55) and (3.57) imply
ηR
(1) −m2R(1) = m2κT (1), (3.60)
where
m2 :=
1
6a11
, (3.61)
which shows that R(1) satisfies a massive KG equation with an external source, and it is the same as that in linearized
f(R) gravity.
Now, we use the above formulas to simplify Λµν(2). Firstly, applying Eqs. (3.53)—(3.55) to Eqs. (3.50) and (3.51)
gives rise to
Λµν(2) =Λ
µν(2)
f(R) + 8a11a12η
µν∂α∂βR(1)∂α∂βR
(1) − 2a12
9a11
ηµν
(
R(1)
)2
− 16a11a12∂µ∂αR(1)∂ν∂αR(1)
+
8a12
3
R(1)∂µ∂νR(1) − 4a12∂ρ∂σR(1)
((
∂µ∂ν h˜ρσ + ∂ρ∂σh˜µν − ∂ρ∂ν h˜µσ − ∂µ∂σh˜ρν)
− 1
2
(
ηρσ∂µ∂ν h˜+ ηµν∂ρ∂σh˜− ηµσ∂ρ∂ν h˜− ηρν∂µ∂σh˜)), (3.62)
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where
Λ
µν(2)
f(R) =Λ
µν(2)
GR (h˜
αβ) + 12a211∂
µR(1)∂νR(1) − ηµν
(
a11
(
R(1)
)2
+ 6a211∂
αR(1)∂αR
(1)
)
. (3.63)
Next, we will take the average
〈 · · · 〉 over a small spatial volume (several wavelengths) surrounding each point, and
the relevant rules for the average are [29] 〈
∂µX
〉
= 0, (3.64)〈
A(∂µB)
〉
= −〈(∂µA)B〉, (3.65)
where X,A,B are three arbitrary quantities. By use of Eqs. (3.13), (3.56)—(3.58), (3.64), and (3.65), the average of
Eq. (3.62) outside the sources reduces to
〈
Λµν(2)
〉
=
〈
Λ
µν(2)
f(R)
〉
=
〈
Λ
µν(2)
GR (h˜
αβ)
〉
+ 12a211
〈
∂µR(1)∂νR(1)
〉
. (3.66)
That is, after the average over a small spatial volume, the terms associated with the coupling constant a12 in Eq. (3.62)
are cancelled each other, and the dependence on a12 vanishes. It gives the effective stress-energy tensor of GWs in
linearized f(R,G) gravity:
tµν :=
1
2κ
〈
Λµν(2)
〉
=
1
2κ
〈
Λ
µν(2)
f(R)
〉
= tµν
f(R) = t
µν
GR(h˜
αβ) +
6a211
κ
〈
∂µR(1)∂νR(1)
〉
, (3.67)
where
tµνGR(h˜
αβ) =
1
4κ
〈
∂µh˜αβ∂
ν h˜αβ − 1
2
∂µh˜∂ν h˜
〉
(3.68)
is the effective stress-energy tensor of GWs under the de Donder condition in linearized GR with the replacement of
the variables hαβ by h˜αβ [30].
It should be noted that the above result only depends on the coupling constant a11 in the Lagrangian (1.1), and has
nothing to do with the GB curvature scalar G. In other words, the effective stress-energy tensor of GWs in linearized
f(R,G) gravity is the same as that in linearized f(R) gravity [24, 29]. As mentioned before, for f(R,G) gravity, the
GB curvature scalar G plays an important role in the nonlinear effects in general. However, although the effective
stress-energy tensor of GWs in f(R,G) gravity is the typical second-order nonlinear quantity, the above result shows
that G does not contribute to it.
IV. ENERGY, MOMENTUM, AND ANGULAR MOMENTUM CARRIED BY GWS IN LINEARIZED
f(R,G) GRAVITY
A. Multipole expansion of linearized f(R,G) gravity
As the further second-order nonlinear quantities, the energy, momentum, and angular momentum carried by GWs
in linearized f(R,G) gravity need to be discussed. For GR [21] and f(R) gravity [25], the fluxes of the energy and
the momentum can be evaluated by using the above effective stress-energy tensor of GWs, but the flux of the angular
momentum cannot [21]. This problem also exists in the f(R,G) gravity. Therefore, a way, not depending on the
effective stress-energy tensor of GWs, to deal with the angular momentum is needed. In this section, by following
Refs. [21, 25, 28], we will calculate the energy, momentum, and angular momentum carried by GWs in linearized
f(R,G) gravity in a unified way. This unified way requires that the multipole expansion of the linearized f(R,G)
gravity is discussed firstly.
Eq. (3.45) shows that we should deal with the multipole expansions of tensor part h˜µν and of the scalar part
associated with R(1), respectively. As mentioned in the preceding section, the linearized field equations (3.42) of
linearized f(R,G) gravity are the same as those in linearized f(R) gravity [24]. So, under the same gauge condition,
namely the de Donder condition (3.13), the multipole expansions of h˜µν in these two gravitational models are also
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the same, and their expression is [25]

h˜00(t,x) = −4G
c2
∞∑
l=0
(−1)l
l!
∂Il
(
MˆIl(u)
r
)
,
h˜0i(t,x) =
4G
c3
∞∑
l=1
(−1)l
l!
∂Il−1
(
∂tMˆiIl−1(u)
r
)
+
4G
c3
∞∑
l=1
(−1)ll
(l + 1)!
ǫiab∂aIl−1
(
SˆbIl−1(u)
r
)
,
h˜ij(t,x) = −4G
c4
∞∑
l=2
(−1)l
l!
∂Il−2
(
∂2t MˆijIl−2(u)
r
)
− 8G
c4
∞∑
l=2
(−1)ll
(l + 1)!
∂aIl−2
(
ǫab(i∂|t|Sˆj)bIl−2(u)
r
)
,
(4.1)
where 

MˆIl(u) =
1
c2
∫
d3x′
(
Xˆ ′Il
(
T
00
l (u,x
′) + T
aa
l (u,x
′)
)
− 4(2l+ 1)
c(l + 1)(2l+ 3)
Xˆ ′aIl∂tT
0a
l+1(u,x
′)
+
2(2l+ 1)
c2(l + 1)(l + 2)(2l + 5)
Xˆ ′abIl∂
2
t T
ab
l+2(u,x
′)
)
,
SˆIl(u) =
1
c
∫
d3x′
(
ǫab<i1Xˆ
′
|a|i2···il>T
0b
l (u,x
′)
− 2l + 1
c(l + 2)(2l + 3)
ǫab<i1Xˆ
′
|ac|i2···il>∂tT
cb
l+1(u,x
′)
)
, l ≥ 1
(4.2)
are referred to as the mass-type and current-type source multipole moments, respectively [26]; the symbol (i|t|j)
represents that t is not the symmetric indices, the symbol < i1|a|i2 · · · il > and < i1|ac|i2 · · · il > represent that a and
ac are not STF indices, respectively; and [20]
T
µν
l (u,x
′) :=
(2l + 1)!!
2l+1l!
∫ 1
−1
(1− z2)lT µν
(
u+
zr′
c
,x′
)
dz. (4.3)
The Eq. (4.1) can be simplified by adopting the further gauge. Under an infinitesimal coordinate transformation,
x′µ → xµ + εµ,
h′µν = hµν + ∂µεν + ∂νεµ − ηµν∂αεα. (4.4)
Moreover, R(1) is an invariant under the coordinate transformation, so from Eq. (3.45),
h˜′µν = h˜µν + ∂µεν + ∂νεµ − ηµν∂αεα, (4.5)
which shows that the transverse and traceless (TT) gauge can be applied to the effective gravitational field amplitude
h˜µν like that in GR [31]. Therefore, Eq. (4.1) can be written as

h˜00TT (t,x) = 0,
h˜0iTT (t,x) = 0,
h˜ijTT (t,x) = −
4G
c4
(
∞∑
l=2
(−1)l
l!
∂Il−2
(
∂2t MˆijIl−2 (u)
r
))TT
− 8G
c4
(
∞∑
l=2
(−1)ll
(l + 1)!
∂aIl−2
(
ǫab(i∂|t|Sˆj)bIl−2(u)
r
))TT
(4.6)
under the TT gauge, where the symbol TT represents the TT projection operator which is defined as
(Xij)
TT := PikPjlXkl − 1
2
PijPklXkl, (4.7)
where Xij is an arbitrary symmetric spatial tensor, and
Pij = δij − ninj. (4.8)
According to Refs. [30, 32], tµνGR(h˜
αβ) in Eq. (3.68) can also be simplified by imposing the TT gauge outside the
source, namely,
tµνGR
(
h˜αβ
)
=
1
4κ
〈
∂µh˜TTpq ∂
ν h˜TTpq
〉
. (4.9)
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R(1) in linearized f(R,G) gravity satisfies the massive KG equation (3.60) with an external source, which is the same
as that in linearized f(R) gravity [24], so in these two gravitational models, R(1) has the same multipole expansion.
Thus, the multipole expansion of R(1) under the condition r′/r≪ 1 is [25],
R(1)(t,x) = −m
2κ
4π
∞∑
l=0
(−1)l
l!
∫
d3x′
c
r′
Xˆ ′Il(θ
′, ϕ′)TˆIl(t,x,x
′), (4.10)
where r = |x|, r′ = |x′|,
X ′Il(θ
′, ϕ′) =X ′i1i2···il(θ
′, ϕ′) := x′i1x
′
i2
· · ·x′il = r′
l
NIl(θ
′, ϕ′), (4.11)
TˆIl(t,x,x
′) =
(2l + 1)!!
2l+1l!
(∫ u+ r′
c
u− r
′
c
dt′
[
∂ˆIl
(
1
r
(
1− c
2
r′2
(t′ − u)2
)l)]
T (1)(t′,x′)
−
∫ u− r′
c
−∞
dt′
[
Aˆ(t, r; t′, r′)∂ˆIl
(
1
r
(
1− c
2
r′2
(t′ − u)2
)l)]
T (1)(t′,x′)
)
(4.12)
with
Aˆ(t, r; t′, r′) : = exp
(m2rr′
2
(int t′)−
)
− exp
(m2rr′
2
(int t′)+
)
, (4.13)
(int t′)±f˜(t
′) : = − c
r′
∫ u± r′
c
t′
f˜(τ)
(
1 +
c
r
(u− τ)
)
dτ. (4.14)
Upon obtaining Eqs. (4.1) and (4.10), we can write down the multipole expansion of hµν under the de Donder condition
by Eq. (3.45). Under the condition r′/r≪ 1, it is

h00(t,x) = −4G
c2
∞∑
l=0
(−1)l
l!
∂Il
(
MˆIl(u)
r
)
− 2G
3c4
∞∑
l=0
(−1)l
l!
∫
d3x′
c
r′
Xˆ ′Il(θ
′, ϕ′)TˆIl(t,x,x
′),
h0i(t,x) =
4G
c3
∞∑
l=1
(−1)l
l!
∂Il−1
(
∂tMˆiIl−1(u)
r
)
+
4G
c3
∞∑
l=1
(−1)ll
(l + 1)!
ǫiab∂aIl−1
(
SˆbIl−1(u)
r
)
,
hij(t,x) = −4G
c4
∞∑
l=2
(−1)l
l!
∂Il−2
(
∂2t MˆijIl−2 (u)
r
)
− 8G
c4
∞∑
l=2
(−1)ll
(l + 1)!
∂aIl−2
(
ǫab(i∂|t|Sˆj)bIl−2 (u)
r
)
+
2G
3c4
δij
∞∑
l=0
(−1)l
l!
∫
d3x′
c
r′
Xˆ ′Il(θ
′, ϕ′)TˆIl(t,x,x
′),
(4.15)
which is the same as that in the linearized f(R) gravity [24], as expected.
As to the multipole expansion of hµν in the radiation field, we still need to deal with the tensor part h˜µν and the
scalar part associated with R(1), separately. By Eq. (2.15), we have
∂ˆIl
(
F (u)
r
)
= NˆIl(θ, ϕ)
(−1)l
cl
∂luF (u)
r
+O
(
1
r2
)
, (4.16)
where O(1/r2) contains the terms whose orders are equal to or higher than 1/r2. The 1/r expansion in the distance
to the source requires formula (4.16) to be applied to Eqs. (4.6) and (4.10), and then the multipole expansions of h˜µν
and R(1) are obtained, respectively,

h˜00TT (t,x) = 0,
h˜0iTT (t,x) = 0,
h˜ijTT (t,x) = −
4G
c2r
∞∑
l=2
(
1
cll!
(
∂luMˆijIl−2 (u)NIl−2(θ, ϕ)
)TT
− 2l
cl+1(l + 1)!
(
ǫab(i∂
l
|u|Sˆj)bIl−2 (u)NaIl−2(θ, ϕ)
)TT)
+O
(
1
r2
)
(4.17)
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and
R(1)(t,x) = −m
2κ
4πr
∞∑
l=0
1
cll!
KˆIl(t, r)NIl(θ, ϕ) +O
(
1
r2
)
, (4.18)
where
KˆIl(t, r) =
(2l + 1)!!
2l+1l!
∫
d3x′
c
r′
Xˆ ′Il(θ
′, ϕ′)
(∫ u+ r′
c
u− r
′
c
dt′
[
dl
dul
(
1− c
2
r′2
(t′ − u)2
)l]
T (1)(t′,x′)
−
∫ u− r′
c
−∞
dt′
[
Aˆ(t, r; t′, r′)
dl
dul
(
1− c
2
r′2
(t′ − u)2
)l]
T (1)(t′,x′)
)
(4.19)
is the effective l-pole radiative moment of R(1). Eqs. (4.17) and (4.18), of course, are the same as those in the linearized
f(R) gravity, respectively [25].
According to the above conclusions, Eq. (3.45) implies that hµν in linearized f(R,G) gravity and in linearized f(R)
gravity have the same multipole expansion under the TT gauge in the radiation field, and it is [25]

h00(t,x) = − 2G
3c4r
∞∑
l=0
1
cll!
KˆIl(t, r)NIl (θ, ϕ) +O
(
1
r2
)
,
h0i(t,x) = 0,
hij(t,x) = − 4G
c2r
∞∑
l=2
(
1
cll!
(
∂luMˆijIl−2 (u)NIl−2(θ, ϕ)
)TT
− 2l
cl+1(l + 1)!
(
ǫab(i∂
l
|u|Sˆj)bIl−2 (u)NaIl−2(θ, ϕ)
)TT)
+
2G
3c4r
δij
∞∑
l=0
1
cll!
KˆIl(t, r)NIl(θ, ϕ) +O
(
1
r2
)
.
(4.20)
B. Energy, momentum, and angular momentum carried by GWs in linearized f(R,G) gravity
For f(R,G) gravity, the energy, momentum, and angular momentum carried by the gravitational field inside a
volume V enclosed by a large sphere S are
E =
∫
V
d3x τ00, (4.21)
Pa =
1
c
∫
V
d3x τ0a, (4.22)
Ja =
1
c
∫
V
d3x ǫabcxbτ
0c, (4.23)
respectively, and then, by Eq. (3.40) and the Gauss theorem, there are
dE
dt
= c
∫
V
d3x∂0τ
00 = −c
∫
V
d3x∂iτ
i0 = −c
∫
dΩ r2niτ
i0, (4.24)
dPa
dt
=
∫
V
d3x∂0τ
0a = −
∫
V
d3x∂iτ
ia = −
∫
dΩ r2niτ
ia, (4.25)
dJa
dt
=
∫
V
d3x∂0(ǫabcxbτ
0c) =
∫
V
d3x ǫabcxb∂0τ
0c = −
∫
V
d3x ǫabcxb∂iτ
ic
= −
∫
V
d3x∂i(ǫabcxbτ
ic) = −
∫
dΩ r3ǫabcninbτ
ic, (4.26)
where ni is also the unit normal vector of the large sphere S, and dΩ is the element of solid angle whose integral
domain is 4π. Thus, for the linearized f(R,G) gravity, the fluxes of energy, momentum, and angular momentum
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carried by the outward-propagating GW should be [21, 28]
dE
dΩdt
= +cr2
〈
ni(τ
i0
rad)
(2)
〉
, (4.27)
dPa
dΩdt
= +r2
〈
ni(τ
ia
rad)
(2)
〉
, (4.28)
dJa
dΩdt
= +r3
〈
ǫabcninb(τ
ic
rad)
(2)
〉
, (4.29)
respectively, where
(τµνrad)
(2) =
1
2κ
(
Λµν(2)
)
is the quadratic term of the stress-energy pseudotensor under the TT gauge in the radiation field.
Next, the leading terms of the fluxes of energy, momentum, and angular momentum carried by GWs in linearized
f(R,G) gravity are expressed by
(
dE
dΩdt
)[0]
= cr2
〈
ni(τ
i0
rad)
(2)
〉[2]
, (4.30)
(
dPa
dΩdt
)[0]
= r2
〈
ni(τ
ia
rad)
(2)
〉[2]
, (4.31)
(
dJa
dΩdt
)[0]
= r3
〈
ǫabcninb(τ
ic
rad)
(2)
〉[3]
, (4.32)
respectively, where the superscript [m] (m = 0, 1, 2, 3 · · · ) represents that the term of the 1/rm order for the
corresponding quantity is taken, and then, there are
dE
dΩdt
=
(
dE
dΩdt
)[0]
+O
(
1
r
)
, (4.33)
dPa
dΩdt
=
(
dPa
dΩdt
)[0]
+O
(
1
r
)
, (4.34)
dJa
dΩdt
=
(
dJa
dΩdt
)[0]
+O
(
1
r
)
. (4.35)
In the following, the fluxes of the energy, momentum, and the angular momentum are used to denote their leading
terms (4.30)—(4.32), respectively. Moreover, we also need to prove
〈
ǫabcninb(τ
ic
rad)
(2)
〉[2]
= 0. (4.36)
Because if it does not hold, Eq. (4.32) shows that the flux of angular momentum carried by the outward-propagating
GW will diverge, and this is impossible.
By Eqs. (3.62), (3.63), and (3.52), (τ i0rad)
(2) and (τ ijrad)
(2) under the TT gauge are, respectively,
(τ i0rad)
(2) =(τ i0rad)
(2)
f(R) +
1
κ
(
− 4a12
3
R(1)∂0∂iR
(1) + 8a11a12∂i∂αR
(1)∂0∂
αR(1) + 2a12∂p∂qR
(1)∂0∂ih˜
TT
pq
− 2a12∂ρ∂qR(1)∂ρ∂0h˜TTiq
)
, (4.37)
(τ ijrad)
(2) =(τ ijrad)
(2)
f(R) +
1
κ
(
− a12
9a11
δij
(
R(1)
)2
+ 4a11a12δij∂
α∂βR(1)∂α∂βR
(1) +
4a12
3
R(1)∂i∂jR
(1)
− 8a11a12∂i∂αR(1)∂j∂αR(1) − 2a12∂p∂qR(1)∂i∂j h˜TTpq − 2a12∂ρ∂σR(1)∂ρ∂σh˜TTij
+ 2a12∂ρ∂qR
(1)∂ρ∂j h˜
TT
iq + 2a12∂σ∂qR
(1)∂σ∂ih˜
TT
jq
)
, (4.38)
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where
(τ i0rad)
(2)
f(R) =
1
2κ
(
− 1
2
∂0h˜
TT
pq ∂ih˜
TT
pq + ∂0h˜
TT
pq ∂ph˜
TT
iq − 12a211∂0R(1)∂iR(1)
)
, (4.39)
(τ ijrad)
(2)
f(R) =
1
2κ
(
− h˜TTpq ∂p∂qh˜TTij +
1
2
∂ih˜
TT
pq ∂j h˜
TT
pq − ∂0h˜TTip ∂0h˜TTjp + ∂qh˜TTip ∂qh˜TTjp + ∂ph˜TTiq ∂qh˜TTjp − ∂ih˜TTpq ∂ph˜TTjq
− ∂j h˜TTpq ∂ph˜TTiq + δij
(1
4
∂0h˜
TT
pq ∂0h˜
TT
pq −
1
4
∂mh˜
TT
pq ∂mh˜
TT
pq +
1
2
∂ph˜
TT
qm∂qh˜
TT
pm
)
+ 12a211∂iR
(1)∂jR
(1)
− δij
(
a11
(
R(1)
)2
+ 6a211∂
αR(1)∂αR
(1)
))
, (4.40)
and then, we can use them to calculate the average parts in Eqs. (4.30)—(4.32), and (4.36). Firstly, the average parts
in Eqs. (4.30) and (4.31) are, respectively,〈
ni(τ
i0
rad)
(2)
〉[2]
=
〈
ni(τ
i0
rad)
(2)
f(R)
〉[2]
+
1
κ
(
− 4a12
3
〈
niR
(1)∂0∂iR
(1)
〉[2]
+ 8a11a12
〈
ni∂i∂αR
(1)∂0∂
αR(1)
〉[2]
+ 2a12
〈
ni∂p∂qR
(1)∂0∂ih˜
TT
pq
〉[2]
− 2a12
〈
ni∂ρ∂qR
(1)∂ρ∂0h˜
TT
iq
〉[2])
, (4.41)
〈
ni(τ
ia
rad)
(2)
〉[2]
=
〈
ni(τ
ia
rad)
(2)
f(R)
〉[2]
+
1
κ
(
− a12
9a11
〈
na
(
R(1)
)2〉[2]
+ 4a11a12
〈
na∂
α∂βR(1)∂α∂βR
(1)
〉[2]
+
4a12
3
〈
niR
(1)∂i∂aR
(1)
〉[2]
− 8a11a12
〈
ni∂i∂αR
(1)∂a∂
αR(1)
〉[2]
− 2a12
〈
ni∂p∂qR
(1)∂i∂ah˜
TT
pq
〉[2]
− 2a12
〈
ni∂ρ∂σR
(1)∂ρ∂σh˜TTia
〉[2]
+ 2a12
〈
ni∂ρ∂qR
(1)∂ρ∂ah˜
TT
iq
〉[2]
+ 2a12
〈
ni∂σ∂qR
(1)∂σ∂ih˜
TT
aq
〉[2])
.
(4.42)
By using of Eqs. (2.13), (3.64), (3.65), (4.17), and (4.18),〈
ni(τ
i0
rad)
(2)
〉[2]
=
〈
ni(τ
i0
rad)
(2)
f(R)
〉[2]
+
1
κ
(
− 4a12
3
〈
niR
(1)∂0∂iR
(1)
〉[2]
+ 8a11a12
〈
niR
(1)∂0∂iηR
(1)
〉[2]
− 2a12
〈
ni∂pR
(1)∂0∂i∂qh˜
TT
pq
〉[2]
+ 2a12
〈
ni∂ρR
(1)∂ρ∂0∂qh˜
TT
iq
〉[2])
, (4.43)
〈
ni(τ
ia
rad)
(2)
〉[2]
=
〈
ni(τ
ia
rad)
(2)
f(R)
〉[2]
+
1
κ
(
− a12
9a11
〈
na
(
R(1)
)2〉[2]
+ 4a11a12
〈
naR
(1)

2
ηR
(1)
〉[2]
+
4a12
3
〈
niR
(1)∂i∂aR
(1)
〉[2]
− 8a11a12
〈
niR
(1)∂i∂aηR
(1)
〉[2]
+ 2a12
〈
ni∂pR
(1)∂i∂a∂qh˜
TT
pq
〉[2]
+ 2a12
〈
ni∂σR
(1)∂σηh˜
TT
ia
〉[2]
− 2a12
〈
ni∂ρR
(1)∂ρ∂a∂qh˜
TT
iq
〉[2]
− 2a12
〈
ni∂σR
(1)∂σ∂i∂qh˜
TT
aq
〉[2])
.
(4.44)
From Eq. (3.13), the de Donder condition under the TT gauge is
∂ph˜
TT
pq = 0, (4.45)
and then, with the help of the Eq. (3.56) in the radiation field and Eq. (3.58), Eqs. (4.43) and (4.44) reduce to〈
ni(τ
i0
rad)
(2)
〉[2]
=
〈
ni(τ
i0
rad)
(2)
f(R)
〉[2]
, (4.46)〈
ni(τ
ia
rad)
(2)
〉[2]
=
〈
ni(τ
ia
rad)
(2)
f(R)
〉[2]
. (4.47)
Inserting them into Eqs. (4.30) and (4.31), respectively, gives rise to(
dE
dΩdt
)[0]
= cr2
〈
ni(τ
i0
rad)
(2)
f(R)
〉[2]
=
(
dE
dΩdt
)[0]
f(R)
, (4.48)
(
dPa
dΩdt
)[0]
= r2
〈
ni(τ
ia
rad)
(2)
f(R)
〉[2]
=
(
dPa
dΩdt
)[0]
f(R)
, (4.49)
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where
(
dE
dΩdt
)[0]
f(R)
and
(
dPa
dΩdt
)[0]
f(R)
are the fluxes of energy and momentum carried by the outward-propagating GW in
linearized f(R) gravity, respectively, and thus, according to the Ref. II [25],(
dE
dΩdt
)[0]
=
cr2
4κ
〈
∂0h˜
TT
pq ∂0h˜
TT
pq
〉[2]
− 6cr
2a211
κ
〈
∂rR
(1)∂0R
(1)
〉[2]
, (4.50)
(
dPa
dΩdt
)[0]
= − r
2
4κ
〈
∂0h˜
TT
pq ∂ah˜
TT
pq
〉[2]
+
6r2a211
κ
〈
∂rR
(1)∂aR
(1)
〉[2]
. (4.51)
The calculation of the average part in Eq. (4.36) is similar to the above process.〈
ǫabcninb(τ
ic
rad)
(2)
〉[2]
=
〈
ǫabcninb(τ
ic
rad)
(2)
f(R)
〉[2]
+
1
κ
(
4a12
3
〈
ǫabcninbR
(1)∂i∂cR
(1)
〉[2]
− 8a11a12
〈
ǫabcninb∂i∂αR
(1)∂c∂
αR(1)
〉[2]
− 2a12
〈
ǫabcninb∂p∂qR
(1)∂i∂ch˜
TT
pq
〉[2]
− 2a12
〈
ǫabcninb∂ρ∂σR
(1)∂ρ∂σh˜TTic
〉[2]
+ 2a12
〈
ǫabcninb∂ρ∂qR
(1)∂ρ∂ch˜
TT
iq
〉[2]
+ 2a12
〈
ǫabcninb∂σ∂qR
(1)∂σ∂ih˜
TT
cq
〉[2])
=
〈
ǫabcninb(τ
ic
rad)
(2)
f(R)
〉[2]
+
1
κ
(
4a12
3
〈
ǫabcninbR
(1)∂i∂cR
(1)
〉[2]
− 8a11a12
〈
ǫabcninbR
(1)∂i∂cηR
(1)
〉[2]
+ 2a12
〈
ǫabcninb∂pR
(1)∂i∂c∂qh˜
TT
pq
〉[2]
+ 2a12
〈
ǫabcninb∂σR
(1)∂σηh˜
TT
ic
〉[2]
− 2a12
〈
ǫabcninb∂ρR
(1)∂ρ∂c∂qh˜
TT
iq
〉[2]
− 2a12
〈
ǫabcninb∂σR
(1)∂σ∂i∂qh˜
TT
cq
〉[2])
=
〈
ǫabcninb(τ
ic
rad)
(2)
f(R)
〉[2]
, (4.52)
and then, by the result in Ref. II [25], Eq. (4.36) holds, which ensures that the flux of angular momentum carried by
the outward-propagating GW does not diverge.
Now, we begin to calculate the average part in Eq. (4.32). Eq. (4.38) results in〈
ǫabcninb(τ
ic
rad)
(2)
〉[3]
=
〈
ǫabcninb(τ
ic
rad)
(2)
f(R)
〉[3]
+
1
κ
(
4a12
3
〈
ǫabcninbR
(1)∂i∂cR
(1)
〉[3]
− 8a11a12
〈
ǫabcninb∂i∂αR
(1)∂c∂
αR(1)
〉[3]
− 2a12
〈
ǫabcninb∂p∂qR
(1)∂i∂ch˜
TT
pq
〉[3]
− 2a12
〈
ǫabcninb∂ρ∂σR
(1)∂ρ∂σh˜TTic
〉[3]
+ 2a12
〈
ǫabcninb∂ρ∂qR
(1)∂ρ∂ch˜
TT
iq
〉[3]
+ 2a12
〈
ǫabcninb∂σ∂qR
(1)∂σ∂ih˜
TT
cq
〉[3])
. (4.53)
By Eqs. (3.64) and (3.65), the average part of the third term in Eq. (4.53) is〈
ǫabcninb∂i∂αR
(1)∂c∂
αR(1)
〉[3]
=−
〈
ǫabcninb∂αR
(1)∂i∂c∂
αR(1)
〉[3]
−
〈
ǫabc(∂ini)nb∂αR
(1)∂c∂
αR(1)
〉[3]
−
〈
ǫabcni(∂inb)∂αR
(1)∂c∂
αR(1)
〉[3]
=
〈
ǫabcninbR
(1)∂i∂cηR
(1)
〉[3]
+
〈
ǫabc(∂pni)nbR
(1)∂i∂c∂pR
(1)
〉[3]
+
〈
ǫabcni(∂pnb)R
(1)∂i∂c∂pR
(1)
〉[3]
+
2
r
〈
ǫabcnbR
(1)∂cηR
(1)
〉[2]
=
1
6a11
〈
ǫabcninbR
(1)∂i∂cR
(1)
〉[3]
+
1
r
〈
ǫabcnbR
(1)∂c∆R
(1)
〉[2]
− 2
r
〈
ǫabcnpninbR
(1)∂i∂c∂pR
(1)
〉[2]
+
1
3a11r
〈
ǫabcnbR
(1)∂cR
(1)
〉[2]
, (4.54)
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where ∆ = ∂i∂i, Eq. (2.13) has been used in the second step, and Eqs. (3.58) and ǫabc∂b∂c = 0 have been used in the
third step. Equations (2.13) and (4.18) bring about
(
∂kR
(1)
)[1]
=
(
∂k(R
(1))[1]
)[1]
= nk
(
∂r(R
(1))[1]
)[1]
, (4.55)
(
∂j∂kR
(1)
)[1]
=
(
∂j(∂kR
(1))[1]
)[1]
= nk
(
∂j
(
∂r(R
(1))[1]
)[1])[1]
= njnk
(
∂r
(
∂r(R
(1))[1]
)[1])[1]
, (4.56)
(
∂i∂j∂kR
(1)
)[1]
=
(
∂i(∂j∂kR
(1))[1]
)[1]
= njnk
(
∂i
(
∂r
(
∂r(R
(1))[1]
)[1])[1])[1]
= ninjnk
(
∂r
(
∂r
(
∂r(R
(1))[1]
)[1])[1])[1]
, (4.57)
and then, there are 〈
ǫabcnbR
(1)∂c∆R
(1)
〉[2]
=
〈
ǫabcnb(R
(1))[1](∂c∆R
(1))[1]
〉[2]
= 0, (4.58)〈
ǫabcnpninbR
(1)∂i∂c∂pR
(1)
〉[2]
=
〈
ǫabcnpninb(R
(1))[1](∂i∂c∂pR
(1))[1]
〉[2]
= 0, (4.59)〈
ǫabcnbR
(1)∂cR
(1)
〉[2]
=
〈
ǫabcnb(R
(1))[1](∂cR
(1))[1]
〉[2]
= 0, (4.60)
where ǫabcnbnc = 0 have been used, so by Eq. (4.54), the average part of the third term in Eq. (4.53) is〈
ǫabcninb∂i∂αR
(1)∂c∂
αR(1)
〉[3]
=
1
6a11
〈
ǫabcninbR
(1)∂i∂cR
(1)
〉[3]
. (4.61)
By using Eqs. (3.64) and (3.65) again, the average part of the fourth term in Eq. (4.53) is
〈
ǫabcninb∂p∂qR
(1)∂i∂ch˜
TT
pq
〉[3]
=−
〈
ǫabc(∂pni)nb∂qR
(1)∂i∂ch˜
TT
pq
〉[3]
−
〈
ǫabcni(∂pnb)∂qR
(1)∂i∂ch˜
TT
pq
〉[3]
=
2
r
〈
ǫabcnpninb∂qR
(1)∂i∂ch˜
TT
pq
〉[2]
− 1
r
〈
ǫabcni∂qR
(1)∂i∂ch˜
TT
bq
〉[2]
=− 2
r
〈
ǫabcnpninbR
(1)∂i∂c∂qh˜
TT
pq
〉[2]
+
1
r
〈
ǫabcniR
(1)∂i∂c∂qh˜
TT
bq
〉[2]
= 0, (4.62)
where Eqs. (2.13) and (4.45) have been used. Similar reason can be used to calculate average parts of the fifth, the
sixth, and the seventh terms in Eq. (4.53), namely,
〈
ǫabcninb∂ρ∂σR
(1)∂ρ∂σh˜TTic
〉[3]
=−
〈
ǫabc(∂ρni)nb∂σR
(1)∂ρ∂σh˜TTic
〉[3]
−
〈
ǫabcni(∂ρnb)∂σR
(1)∂ρ∂σh˜TTic
〉[3]
=−
〈
ǫabc(∂qni)nb∂σR
(1)∂q∂
σh˜TTic
〉[3]
−
〈
ǫabcni(∂qnb)∂σR
(1)∂q∂
σh˜TTic
〉[3]
=
2
r
〈
ǫabcnqninb∂σR
(1)∂q∂
σh˜TTic
〉[2]
− 1
r
〈
ǫabcni∂σR
(1)∂b∂
σh˜TTic
〉[2]
=− 2
r
〈
ǫabcnqninbR
(1)∂qηh˜
TT
ic
〉[2]
+
1
r
〈
ǫabcniR
(1)∂bηh˜
TT
ic
〉[2]
= 0, (4.63)〈
ǫabcninb∂ρ∂qR
(1)∂ρ∂ch˜
TT
iq
〉[3]
=−
〈
ǫabc(∂qni)nb∂ρR
(1)∂ρ∂ch˜
TT
iq
〉[3]
−
〈
ǫabcni(∂qnb)∂ρR
(1)∂ρ∂ch˜
TT
iq
〉[3]
=
2
r
〈
ǫabcnqninb∂ρR
(1)∂ρ∂ch˜
TT
iq
〉[2]
− 1
r
〈
ǫabcni∂ρR
(1)∂ρ∂ch˜
TT
ib
〉[2]
=− 2
r
〈
ǫabcnqninbR
(1)∂cηh˜
TT
iq
〉[2]
+
1
r
〈
ǫabcniR
(1)∂cηh˜
TT
ib
〉[2]
= 0, (4.64)〈
ǫabcninb∂σ∂qR
(1)∂σ∂ih˜
TT
cq
〉[3]
=−
〈
ǫabc(∂qni)nb∂σR
(1)∂σ∂ih˜
TT
cq
〉[3]
−
〈
ǫabcni(∂qnb)∂σR
(1)∂σ∂ih˜
TT
cq
〉[3]
=
2
r
〈
ǫabcnqninb∂σR
(1)∂σ∂ih˜
TT
cq
〉[2]
= −2
r
〈
ǫabcnqninbR
(1)∂iηh˜
TT
cq
〉[2]
= 0, (4.65)
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where Eq. (3.56) in the radiation field has been used in the above derivations, and h˜TTii = 0 and ǫabch˜
TT
bc = 0 have
been used in the derivations of Eqs. (4.64) and (4.65), respectively. Therefore, Eq. (4.53) reduces to
〈
ǫabcninb(τ
ic
rad)
(2)
〉[3]
=
〈
ǫabcninb(τ
ic
rad)
(2)
f(R)
〉[3]
. (4.66)
Inserting it into Eq. (4.32) gives rise to
(
dJa
dΩdt
)[0]
= r3
〈
ǫabcninb(τ
ic
rad)
(2)
f(R)
〉[3]
=
(
dJa
dΩdt
)[0]
f(R)
, (4.67)
where
(
dJa
dΩdt
)[0]
f(R)
is the flux of angular momentum carried by the outward-propagating GW in linearized f(R) gravity,
and thus, according to the Ref. II [25],
(
dJa
dΩdt
)[0]
=
r2
2κ
〈
ǫabc
(
h˜TTbi ∂0h˜
TT
ic −
1
2
xb∂ch˜
TT
pq ∂0h˜
TT
pq
)〉[2]
+
6r3a211
κ
〈
ǫabcnb∂rR
(1)∂cR
(1)
〉[3]
. (4.68)
The coupling constant a12 in the Lagrangian (1.1) appears in the expressions of (τ
i0
rad)
(2) and (τ ijrad)
(2), which shows
that the fluxes of the energy, momentum, and angular momentum carried by GWs in linearized f(R,G) gravity
depend on the GB curvature scalar G. However, the above derivations of Eqs. (4.48), (4.49), and (4.67) show that,
similarly to that of the effective stress-energy tensor of GWs, the terms associated with the coupling constant a12 in
the fluxes of the energy, momentum, and angular momentum are cancelled each other after the average over a small
spatial volume, and the dependence on a12 also vanishes. Therefore, the fluxes of the energy, momentum, and angular
momentum carried by GWs in linearized f(R,G) gravity are the same as those in linearized f(R) gravity. Moreover,
the fluxes of energy and momentum carried by GW in linearized f(R,G) gravity could also be directly expressed in
terms of the effective stress-energy tensor tµν , namely,
dE
dΩdt
= +cr2nit
i0,
dPa
dΩdt
= +r2nit
ia. (4.69)
Eq. (3.67) shows that the effective stress-energy tensor of GWs in linearized f(R,G) gravity is the same as that in
linearized f(R) gravity, so there are
dE
dΩdt
= +cr2nit
i0
f(R),
dPa
dΩdt
= +r2nit
ia
f(R), (4.70)
and then, according to the Ref. II [25], both of the leading terms in Eq. (4.69) can recover Eqs. (4.50) and (4.51),
respectively.
Integrating the fluxes of the energy, momentum, and angular momentum carried by GWs in linearized f(R,G)
gravity over a sphere can give rise to the total power and rates of momentum and angular momentum, respectively,
and then, according to the Ref. II [25] again, they are
(
dE
dt
)[0]
=
(
dE
dt
)[0]
GR
−
∞∑
l=0
G
3c2l+4
1
l!(2l+ 1)!!
〈
∂tKˆIl(t, r)∂rKˆIl(t, r)
〉
, (4.71)
(
dPa
dt
)[0]
=
(
dPa
dt
)[0]
GR
+
∞∑
l=0
2G
3c2l+5
1
l!(2l+ 3)!!
〈
∂rKˆIl(t, r)∂rKˆaIl(t, r)
〉
, (4.72)
(
dJa
dt
)[0]
=
(
dJa
dt
)[0]
GR
−
∞∑
l=1
G
3c2l+4
1
(l − 1)!(2l + 1)!!
〈
ǫabcKˆbIl−1(t, r)∂rKˆcIl−1(t, r)
〉
, (4.73)
where (
dE
dt
)[0]
GR
=
∞∑
l=2
G
c2l+1
(
(l + 1)(l + 2)
l(l − 1)l!(2l+ 1)!!
〈
∂l+1u MˆIl(u)∂
l+1
u MˆIl(u)
〉
+
4l(l+ 2)
c2(l − 1)(l + 1)!(2l + 1)!!
〈
∂l+1u SˆIl(u)∂
l+1
u SˆIl(u)
〉)
, (4.74)
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(
dPa
dt
)[0]
GR
=
∞∑
l=2
2G
c2l+3
(
(l + 2)(l + 3)
l(l+ 1)!(2l + 3)!!
〈
∂l+1u MˆIl(u)∂
l+2
u MˆaIl(u)
〉
+
4(l + 2)
(l − 1)(l + 1)!(2l+ 1)!!
〈
ǫabc∂
l+1
u MˆbIl−1(u)∂
l+1
u SˆcIl−1(u)
〉
+
4(l+ 3)
c2(l + 1)!(2l+ 3)!!
〈
∂l+1u SˆIl(u)∂
l+2
u SˆaIl(u)
〉)
, (4.75)
(
dJa
dt
)[0]
GR
=
∞∑
l=2
G
c2l+1
(
(l + 1)(l + 2)
(l − 1)l!(2l+ 1)!!
〈
ǫabc∂
l
uMˆbIl−1(u)∂
l+1
u MˆcIl−1(u)
〉
+
4l2(l + 2)
c2(l − 1)(l + 1)!(2l+ 1)!!
〈
ǫabc∂
l
uSˆbIl−1(u)∂
l+1
u SˆcIl−1(u)
〉)
(4.76)
are the corresponding results in GR with the replacement of the variables hTTpq by h˜
TT
pq .
Obviously, these expressions include two parts, which are associated with the tensor part h˜µν and the scalar part
R(1) in the multipole expansion of linearized f(R,G) gravity, respectively. The former are the GR-like part, and the
latter, contributed by the R2 term in the Lagrangian (1.1), are the corrections to the results in GR, which implies
that the GB curvature scalar G does not contribute to the energy, momentum, and angular momentum carried by
GWs in linearized f(R,G) gravity.
V. CONCLUSIONS AND DISCUSSIONS
In this paper, similarly to GR [21, 26] and f(R) gravity [24], the field equations of f(R,G) gravity have been
rewritten in the form of obvious wave equations in a fictitious flat spacetime under the de Donder condition, even
though the effective gravitational field amplitude h˜µν is not a perturbation. The corresponding source term of this
wave equation, composed of all the nonlinear terms under the post-Minkowskian method, is obtained, and it is
the stress-energy pseudotensor of the matter fields and the gravitational field. For the linearized f(R,G) gravity, the
corresponding field equations, as the linear results, are the same as those of the linearized f(R) gravity, as is expected.
Under the post-Minkowskian method, the coupling constant a12 in the Lagrangian (1.1) appears in the second-order
field equations of f(R,G) gravity, which implies that the GB curvature scalar G usually plays an important role in
the nonlinear effects. Thus, as a typical second-order nonlinear quantity, the effective stress-energy tensor of GWs
in linearized f(R,G) gravity should include the contribution from G. However, it is shown that G has nothing to do
with the effective stress-energy tensor of GWs in linearized f(R,G) gravity, and the effective stress-energy tensor of
GWs in linearized f(R,G) gravity is the same as that in linearized f(R) gravity.
Besides the effective stress-energy tensor of GWs, the energy, momentum, and angular momentum carried by GWs
in linearized f(R,G) gravity, as the further second-order nonlinear quantities, need to be discussed. As in GR [21]
and f(R) gravity [25], the above effective stress-energy tensor of GWs can be used to evaluate the fluxes of the energy
and the momentum but not to evaluate the flux of the angular momentum [21]. Therefore, we need to find a new
way, not depending on the effective stress-energy tensor of GWs, to deal with the angular momentum. According to
the Refs. [21, 25, 28], we can deal with the energy, momentum, and angular momentum carried by GWs in linearized
f(R,G) gravity in a unified way. What this way requires is the stress-energy pseudotensor of f(R,G) gravity in the
radiation field, instead of the effective stress-energy tensor of GWs. By the above unified way, the multipole expansion
of the linearized f(R,G) gravity need to be discussed firstly. The definitions of the gravitational field amplitude hµν and
the effective gravitational field amplitude h˜µν show that they satisfy the same relation, and especially, the linearized
one (1.4) as that in f(R) gravity. Further, for the linearized f(R,G) gravity and the linearized f(R) gravity, h˜µν
and R(1) satisfy the same field equations, respectively, and therefore, these two gravitational models have the same
multipole expansion, and in particular, they have the same multipole expansion in the radiation field.
With the help of the relevant STF technique, the 1/r expansion in the distance to the source can be applied to
the linearized f(R,G) gravity. Based on this, the energy, momentum, and angular momentum carried by GWs in
linearized f(R,G) gravity can be dealt with. In the expressions of the fluxes of the energy, momentum, and angular
momentum carried by GWs in linearized f(R,G) gravity, the existence of the coupling constant a12 in the Lagrangian
(1.1) implies the GB curvature scalar G should play an important role. However, because of the average over a small
spatial volume, the terms associated with the coupling constant a12 in these expressions are cancelled each other, and
the dependence on a12 vanishes. Therefore, G does not contribute to the energy, momentum, and angular momentum
carried by GWs in linearized f(R,G) gravity, which implies that these fluxes are the same as those in linearized f(R)
gravity. Thus, by integrating these fluxes over a sphere, we present the general expressions of the total power and
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rates of momentum and angular momentum in the GWs for linearized f(R,G) gravity. Same as those in f(R) gravity,
these expressions include the GR-like parts and the corrections, contributed by the R2 term in the Lagrangian (1.1),
to the corresponding results in GR.
As mentioned above, in terms of the energy, momentum, and angular momentum carried by GWs, the linearized
f(R,G) gravity behave as the linearized f(R) gravity, but for f(R,G) gravity, where is the contribution of the GB
curvature scalar G? One obvious answer is that G perhaps plays an important role in the higher-order nonlinear effects.
The similar situation also appears for the f(R,G) gravity under the weak-field and slow-motion method [18]. Under
this case, the GB curvature G has nothing to do with the effects at (v/c)2 and (v/c)3 orders, and only contributes
to the effects at (v/c)4 order or the higher-order, where v/c is the perturbation parameter of the weak-field and
slow-motion method. In the present gravitational Lagrangian (1.1), the GB curvature scalar G works only by the
term a12RG, so f(R,G) in Eq. (1.1) is equivalent to f(R) + a12RG. Further, f(R) gravity in the metric formalism
can be cast in the form of Brans-Dicke (BD) theory with a potential for the effective scalar-field degree of freedom
(scalaron) [33], and thus, the theory with Lagrangian f(R) + a12RG can be cast as a large class of GB gravity whose
Lagrangian is equivalent to above BD theory coupled by the GB curvature scalar G. Therefore, the conclusion in this
paper also holds for such GB gravity.
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